Signals and Systems I

Lecture 6



Last Lecture

* Impulse Response of LTI Systems
e Convolution
y(t) = x(t) xy(t) = y(t) * x(¢t)
y(t) = [ x(0)h(t —)dt = [ h(D)x(t — T)dT
Convolution is commutative!

Today

* More on Convolution

» Convolution of §(t) and its shifted version

* LTI System Stability & Causality

* Convolution Properties

e LTI System interconnections

 Introduction to Fourier Series (If we have time)



Convolution

Example: Find the output for the given system h(t) = e~u(t) and input x(t) = e 2tu(t)

h(t)=e tu(t)

x(t) = e ?tu(t)

N

t t
1- For ¢ < 0 there is no overlap and y(t) = 0. h(t - T) ‘ 1 X(T)
2- For t > 0 there is overlap between z(t) and h(t). t 1 0 T
h(t — 1) >< x(7)
z()h(t —7) = e Tu(r).e 2 u(t — 1)
= e Te 2y (rult — 1) 1 ¢
t)= [ x(7)h(t —7)dr
" _4 ( ) %u(t — Du(r)
— /e—'re—2(t—‘r) 6—2t /€_T€2T €—2t / T = €—2t T|t //
0 0 0 0 t T

0
e 2t —1) = (et —
7t _

= (e = e u(t)

Before taking care of the function inside the integral, find the boundaries of te

integral.
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Convolution

t
1- Check for t = 0,t = oco. y( )
_ 1 —t -2t _
y(0) =0, y(o0) = lim (e~ — =) = 0
Also, et >e 2 fort >0=et—e 2 >0 21
So this is a positive function.
2- Find t]\la:c3 0 /\ t
tMax =7

0
t>0, ay(t):O:—e_t+e_2t:0:>2e— =

1 1
tma:c =I(n2 — y(tma:c) - 5 - Z -
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Identity System

What is the output of system with h(t) = §(t)

x(t) —

6(t) | y@® =0

y(t) = z(t) x6(t) = /700 x(1)o(t — 7)dr = 2(t)

Where ¢ is a number and 7 is the random variable.

this is the identity system

Reminder:

b
Jot—7)dr=1 if a<t<borte/la,b
a

;) t—7)dr =0 if t¢[a,b]

00 This term is only nonzero at 7=t
——

= / z(T) o(t—7) dr

o §t-1)
- / «(t)5(t — 7)dr 0)

- 0O at b T
= z(t) / o(t —7)dr

o 8(t—1)
1

= z(t)

0 a b t T



Pure Delay System

x(t) —> §(t—T) F——> y() —at-1)
this is the pure delay system

y(t) = [ a(r)6(t—T —7)dr = 2(t — T)
Example with T'=5
t
:L’(t)cg( ) 7( ) d(t—5)
| I
O‘ t O‘ 5 t
h(t) = 6(t — 5)

u(t) T u(t —5)

0 t 0\ t
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Convolution with 6 (t)

input
1
/ \ t
1 0 1
S5(t)
A
¢
0
15@)
t
0
1
/\ |
1 0 1

— 6(t)

Find the outputs:

output=input * h(t)

SO0

Soosan Beheshti, Ryerson University



Find the outputs:

Convolution with 6 (t)

output=input * h(t)

i h(t
input 1 h(t) 50 ;
/ \ | / \
1 0 1 t 0 t = —1 0 1 '
A o0 /1\ y
t _ /\
0 1 0 1 ' o | t
6(1) 5(t) 2 5(t) 2
t
0 5 t ; ¢
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Convolution with §(t)

5(t—3) ——>

(ﬂl

0o 1 ¢
2
1
—
0 4 ‘
2
t_>
2 2

5(¢) Tz
'!)‘ 9 't

Soosan Beheshti, Ryerson Univer

Sity



Convolution with §(t) y(t) = z(t — 3)
T\ 5(t—3 > T l\
0o 1 ( ) 0 3 t
5 2
1 1
—_— —> \
t |
0 4 OX 1 0 4
o(t) = 5(t) + 26(t — 4)
y(t) = x(t) x h(t) = (6(t) + 20(t — 4)) = h(t)
2 = §(t) % h(t) + 26(t — 4) % h(t) = h(t) + 2h(t — 4)
2 5(q I
t 1‘ —>
-2 2 0 2 1
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Two Important Systems

u(t)

—

0

i 5(t)

AN

4 ~
5(0) 5 \
¢ >80 —> 0 t
Identity
t 0 t
\ A /
:L 5(t)
5(t) &' (t) t
—> §'(t) ——>
Differentiator \
t
u(t)
5(t) u(t) t
—u(t) —
Integrator /




Useful Convolution formulas for t"u(t)

u(t) * 6(t) = u(t) u(t —a)*d(t —b) =u(t —a —b)
u(t) xu(t) = tu(t) u(t—a)xu(t—>b)=({t—a—>bu(t—a—"0)
u(t) x tu(t) = ;u(t) u(t —a) x (t —b)u(t —b) = (L= a2— b)Qu(t —a—0b)
. tn—i—l ;
u(t) * t"u(t) = ———u(t) {u(t —a) % (t—b)"ult —b) = =Nyt — a — b) }

Use the above to find h(t) = hy(t) * ha(t)




Useful Convolution formulas for t"u(t)
Example: Find the convolution of h; (t) * h,(t) where hy(t) = h,(t) = u(t) —u(t — 1)

hi(t) *x ho(t) = (u(t) —u(t — 1)) * (u(t) — u(t — 1)) 1
=u(t) xu(t) —u(t) *ult—1) —u(t — 1) xu(t) + u(t — 1) xu(t — 1)
— tult) — 20t — Du(t — 1) + (¢ — 2)ul(t — 2) 1 "
t O<t<1
=< —t4+2 1<t<?2
0 t>2 1
hi(t) * ho(t) = tu(t)—2(t — D)u(t — 1)+(t — 2)ult — 2) N
-— 1
1 2
Find convolution of these two signals using flip & shift and also this method:
x(t) h(t)
1 2
ES
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LTI Systems: Stability Test

An LTT system is Bounded-input/Bounded-output (BIBO) stable, if & only if,
impulse response of the system h(t) is absolutely integrable: [~ |h( )|dT < o0

Why? Assume that input is bounded: |x(t)| < C, for all ¢
then we have:

y(t) = / x(t — 7)h(T)dT
pol < [ late=liariar < [ aiar
So if [*°_|h(7)|dr is bounded, then |y(t)| is also bounded.

On the other hand if f (7)|dT = oo then consider the following bounded

input (|z(t)[ = 1):
_J+1 if A(t) >0
z(t) = {—1 if h(t) <0

Then we have
y(0) = /_OQ h(—7)x(T)dr = /_00 |h(T)|dT = c0

so the system is not stable!



LTI Systems: Stability Test

BIBO stability is the same as external stability. Internal (Asympototic) stability
is when all the poles of the system are in left half plane which means that they
have negative real part (thorough study of this stability is in Control courses
that introduce state space models)

If an LTI causal system is both observable and controllable (these terms are
defined in state space modeling in future courses) then internal stability and
BIBO (external) stability can be evaluated by the roots of the characteristic
polynomial:

- If all the roots, As, have negative real parts, the system is both BIBO stable
and interally stable.

- If at least one root has a positive real part, the system is unstable (both
BIBO and internally).

- If there are roots with zero real part and those roots are not repeated roots,
the system is called marginally stable which is not BIBO stable.



LTI Systems: Stability Test - T\ /3\(‘

Y453 - 111 R;f" ©ut) 1 A ’”(é
A +5- “‘>A’=i ;\L———/——ﬁ% )\_/I‘LS - &/A > //&)Mrc
o b (Y. w(h ot /

J (z o N / 5% “ni|,

e ‘—:;+ T >Rk () Mffa/ﬂ)/%\\qa
5 "5a
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CEISSTOEING Lo (] 82z,

jA 5-'36 __4{5_% | f/ﬁm/d*\\ %bﬂS/{ZQ

o= 3 %

/) _ s

P U'):-?'*U H A3 )/Q//U J U"P(?jé



LTT Systems: Causality Test

An LTT system is Causal, if & only if, h(t) =0, ¢t <0. Why?

oo
y(t) = / o(T)h(t — T)dr h(O)
— OO
For LTI system to be causal, impulse response signal h(t) must be causal:
h(—1)
Since h(t — 7) is zero after t, therefore:
0 T
t
y(t) = / x(T)h(t — 7)dT
0= e e
This relationship is casual & y(¢) depends only on values of x(7) for 7 < ¢. /\
0 ¢
T



LTI Systems: Stability Test and Causality Test

Which of these four impulse responses are from LTI systems that are stable
and/or causal?

h(t)

0 3 ¢ 10 3 ¢

h(t) h(t)
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LTI Systems: Stability Test and Causality Test

The following system is casual & BIBO stable. [~ |h(7)|dr = 1 The following system is non-casual (starts at ¢ = —1) & BIBO stable. [~ |h(7)|dr =

4
h(t)

0 3 ¢ -1 0 3t
The following system is non-casual (starts at ¢ = —oo) & not BIBO stable. The following system is casual (starts at ¢ = 0) & not BIBO stable. [~ |h(7)|dr =
[25 h(r)|dr = LOOO h(t)dr + [° h(T)dT = o0 IS 1dr = 0
h(t) h(t)
1 1
0 t 0 t
-1

@oee Soosan Beheshti, Ryerson University



LTI Systems: Stability Test and Causality Test

The followings are impulse responses of LTI systems. Which ones are causal?

which ones are BIBO stable?

h(t) = e~ tu(t)

K

[

h(t) = e tu(t + 2)

\

h(t)




Some Important Properties of Convolution

1- Commutative: h(t) * z(t) = z(t) % h(?)

2- Distribution: h(t) * (z1(t) + x2(t)) = h(t) x x1(t) + h(t) * x2(t)
3- Associative: h(t) * (z1(t) * 22(t)) = (h(t) % 21(£)) * 22(t)

4- Shift property: if h(t) % z(t) = y(t) then

h(t —to) * 2(t) = y(t — to)

h(t) * :U(t - tl) = y(t - tl)

h(t — to) * ili(t - tl) == y(t - t() - tl)



Interconnected Systems

Cascaded Systems:
x(t) —>  hy —
y1(t)
y(t) = y1(t) * ht)
= (2(t) * hi (1)) * ha(t)
= z(t

x(t)x (ha(t) % ha(t)

using associativee property

h, —> y(t)

x(t) — ha(2) * ha (1)

—> y(©)




Interconnected Systems

Parallel Systems:

R h (6 y1(t)
() E y(®)
1 RO y2(0)
y(t) = y1 (t) + ya(t)
= z(t) * hi(t) + z(t) * ha(?)
= x(t) * (h1(t) + ha(t))

A

7

using distributive property

x(t) —>|

hy(t) + hy(t)

—> y(V)
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Interconnected Systems
Find the overall h(t) of the following system:

> hy(t) ) h3(t)

x(t) —> @—) y(t)

— h(®) — ()
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Interconnected Systems
Find the overall h(t) of the following system:

) hy(t)

x(t) —>

o

— h,(t)

x(t) —>

hi(t) + hp(t) —>

h3(t)

hy(t)

y(t)

h3(t) + hy(t)

—> y(t)

x(@) —>

(hy () + hy (D)) * (hs(t) + hye(t))

—> y(t)
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Interconnected Systems

Find the overall h(t) of the following system:

x(t) —>

\ 4

hy ()

\ 4

h,(t)

hs(t)

—> y(t)
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Interconnected Systems

Find the overall h(t) of the following system:

x(t) —>

\ 4

\ 4

hy ()

h,(t)

hs(t)

—> y(t)

x(t) —>

y(t) = (@(t) + (t) * hi(t) * ha(t)) * hs(t)
x hg(t) + x(t) x hi(t) * ha(t) * hs(t)
* (hg(t) -+ hl (t) * h2 (t) b S hg (t))

> hy(t) * hy(t)

Y1

hs(t)

—> y(t)

Overall system
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Interconnected Systems

What is the overall imupulse response?

x(t) —>

u(t)

What is the overall imupulse response?

5(t)

—> y(t)

x(t) —>

u(t)

&'(t)

—> y(t)
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Interconnected Systems

What is the overall imupulse response?

x(t) —>

ut) —> o6 > yO

What is the overall imupulse response?

hi x ho = u(t) * 0(t) = u(t)

h ha

x(t) —>

u(t) —>  §'(t) —> y(t)

hi * ho = u(t) x 6'(t) = 6(t)
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Interconnected Systems
Find the overall h(t) of the following cascade system

x(t) —>  hy (V)
hi(t) = ha(t)
1
o 1 !
Find the overall h(t) of the following cascade system
h3(t)

h, (1)

—> y(®)

—2>  hy(t) =6(t)

x(t)y—>

——>| h,(t) = 26(t — 2)

— > y@®
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Interconnected Systems

Find the output:
1 x(t)

Find the convolution:

x(t)

11

0 1 2 t

hy(t) = 8(t +5)

>

hy(t) = 26(t — 1)

h(t)

y() =?
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Convolution

Find the following convolution:

h(t)
x(t) 1
* /\ t
1 I 0 1 3
-1
Before calculating the convolution find the boundaries of the convolution result
h(t) in time
x(t
®) 1
25 35
*
-1 o |1 ¢ 0 1 t
-1
—2

Use the GUI to evaluate your results
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Impulse Response of LTIDE systems (Alternative Approach)

(DY +ar DY A an) y(t) = (bnv-m DY+ bn a1 DM T 4 b)) 2(2)

A 7

~”

Moving Average(MA) system

Step 1: Consider hy(t) = C(t)u(t) where C(t) is the characteristic function of
the above system.

Solve for coefficients of hq(t) such that

For example for the case of non repeated
roots Characteristic function is C(¢) = (cie™t + ... + cye’?t)

C(0)=0, C'(0)=0, --- ,C¥=D)=1

Step 2: To find h(t) a linear combination of derivatives of hi(t) is calculated
with b; coefficients using the Moving Average (MA) structure:

hg(t) = (bN_MDM + ...+ bN)hl(t)

In next slides we show why these two steps provide the system’s impulse re-

sponse.



Impulse Response of LTIDE systems (Alternative Approach)

(DN + alDN_l + ...+ CLN) y(t) = (bN_MDM + bN_M_lDM_l + ...+ bN) x(t)

\ >
~~

Moving Average(MA) system

= w(t)

x(ty | Sz [ oe®— S1 [—y(t)

For ha(t): w(t) = (by_p DM + ...+ by)x(t) For hi(t): (DY + a1 DN~ + . +an) y(t) = w(t)

Due to the associative property of convolution
y(t) = x(t) * ho(t) x h1(2) = x(t) x hy(t) * x2(t)

x(ty—| S1 [ei®— Sz [—y(t)

For hq(t): (DN +a DN+ + aN) wi (t) = z(t) For ho(t): y(t) = (bv—p DM + ... + bn) w1 (t)

First we find impulse response hq(t)



Impulse Response of LTIDE systems (Alternative Approach)

For system 57 we have

(DN + a1 DV 4 an)wi(t) = z(t)

where wi (t) is the output. For impulse response hi(t) we have :
(DN 4+ a1 DVt +an)hi(t) = 6(t)

Since by = 0 the impulse response has the following stucture:

hi(t) = C(t)u(t),  where C(t) is the Characteristic function
hy(t) = C'(t)u(t) + C(0)d(t)
hi(t) = C"(t)u(t) + C'(0)d(t) + C(0)d'(t)

(t
hy'(t) = C™ (t)u(t) + C"(0)0(t) + C"(0)0'(t) + C(0)0"(¢)
and finally

N4 = M (ut) + CND(0)5(t) + CND8 () + ... + C(0)s N1 (¢)



Impulse Response of LTIDE systems (Alternative Approach)

(DN +a;DVN=Y + .+ an)hi(t) = 6(t)

already equal to zero!

7\

anhi(t) +an_1h(t) + ... :r[aNC'(t) +an_1C'(t) + ...+ CI) (t)Tu(t)

This term should be equal to 1

+ lan_1C(0) + an—2C"(0) + ... + CN=D ()] 5(2)

This term should be equal to zero

- -
7 Ry

1 an—2C(0) + an—3C"(0) + ... + CN=D ()] & (1)

+

This term should be equal to zero

+ r[alC(O):— (0] SN=2(1)

This term should be equal to zero

= 4(¢) ) sN1(1)

From the above equation we should have:

C(0)=0, C'"(0)=0, --- ,c¥D)=1



Impulse Response of LTIDE systems (Alternative Approach)

For the overall h(t) we have

S(t)y—| S1 [—mO-— Sz [ hy(t)

For hg(t): hg(t) = (bN_MDM + ...+ bN)hl(t)

So to find h(t) a linear combination of derivatives of hq(t) is calculated with b;
coefficients.



