
Signals and Systems I 
Topic 5



Last Lecture
• System Classification

Today

• Linear Time-Invariant (LTI) Systems
• Impulse Response and its Importance for LTI Systems
• LTI Differential Equation (LTIDE) Systems
• Impulse Response of LTIDE Systems
• Convolution
• Initial Condition and LTI systems



Consider the followingexample:

What can be said about the output of this system to z(t).
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Why are Linear Time Invariant (LTI) Systems Important?

Linear Time Invariant (LTI) Systems are both Linear and Time Invariant (TI)!
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Why are Linear Time Invariant (LTI) Systems Important?

𝑧 𝑡 = 𝑥ଵ 𝑡 + 2𝑥ଶ 𝑡 + 0.5𝑥ଷ 𝑡 − 𝑥ସ(𝑡)
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If the system is linear then: 
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If the system is linear then: 

Only if the system is also TI!
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Why are Linear Time Invariant (LTI) Systems Important?
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𝑦௓ 𝑡 ?

𝑧 𝑡 = 𝑥ଵ 𝑡 + 2𝑥ଶ 𝑡 + 0.5𝑥ଷ 𝑡 − 𝑥ସ(𝑡)
If the system is also TI, then we have:
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𝑥 𝑡 ≈ 𝑥1 𝑡 + 𝑥2 𝑡 + 𝑥3 𝑡 + . . .
           ≈ ∑ 𝜀𝑥 𝑛𝜀 𝑓(𝑡 − 𝑛𝜀) 
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Why are Linear Time Invariant (LTI) Systems Important?
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𝑥 𝑡 = න 𝑥 𝜏 𝛿 𝑡 − 𝜏 𝑑𝜏
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𝐴𝑠 𝜀 → 0

So if the output of linear system for all 𝛿(𝑡 − 𝑇) is known , the output is available!

Definition: For ALL systems impulse response, ℎ(𝑡), is the response of the system to 𝛿 𝑡 !
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Linear Time Invariant (LTI) Systems and Impulse Response

𝑥 𝑡 = ෍ 𝜀𝑥 𝑛𝜀 𝑓(𝑡 − 𝑛𝜀)
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𝑥 𝑡 = ෍ 𝜀𝑥 𝑛𝜀 𝑓(𝑡 − 𝑛𝜀)

 

௡

𝜀

Impulse response is 
very helpful and super 
important for LTI 
systems! Why?
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𝑥 𝑡 = න 𝑥 𝜏 𝛿 𝑡 − 𝜏 𝑑𝜏
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LTI Systems, Impulse Response and Convolution

Impulse response can be found for any system 
(even if it’s not LTI)

However if the system is TI then:

S

And if the system is also Linear, then we have:
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LTI Systems, Impulse Response and Convolution

Impulse response can be found for any system 
(even if it’s not LTI)

However if the system is TI then:

S

And if the system is also Linear, then we have:

S

And therefore 
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This operation is called Convolution
LTI systems are uniquely defined by their impulse response.
We can replace the LTI system with its impulse response that is a signal!
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(important class of LTI systems)

Example:

𝑥 𝑡 = 𝐿
ௗ௬

ௗ௧
+ 𝑅𝑦 𝑡

𝑥 𝑡 =
ௗ௬

ௗ௧
+ 2𝑦 𝑡

𝑥 𝑡 = 𝐷 + 2 𝑦 𝑡

Example:

𝑥 𝑡 −
ଶௗమ௫ ௧

ௗ௧మ + 3
ௗయ௫ ௧

ௗ௧య = 𝑦 𝑡 +
ଶௗ௬

ௗ௧

𝑥 𝑡 1 − 2𝐷ଶ + 3𝐷ଷ = 1 + 2𝐷 𝑦 𝑡

Linear combination of input and its higher order derivatives = Linear combination of output and it higher order derivatives

Linear Time Invariant Differential Equation (LTIDE) systems
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ெିଵ
ே

𝑁 (highest derivative of output)  is denoted as the order of the system. 

For now we assume that  𝑀 ≤ 𝑁, (we discuss 𝑀 > 𝑁 later).

Note that 𝑎଴ that is  the coefficient associated with 𝐷ே 𝑦 𝑡 is one. If this is not the case first divide both sides 
so that 𝑎଴is always one.

Example:

𝐷ଶ + 5𝐷 + 6 𝑦 𝑡 = 3𝐷ଶ + 𝐷 + 1 𝑥(𝑡)

𝑁 = 𝑀 = 2 and 𝑎଴ = 1, 𝑎ଵ = 5, 𝑎ଶ = 6, 𝑏଴ = 3, 𝑏ଵ = 1, 𝑏ଶ = 1 

General Form of Linear Time Invariant Differential Equation (LTIDE) systems
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Output of the causal system to imput 𝑥 𝑡 = 𝛿 𝑡  is denoted by ℎ 𝑡 :

𝐷ே + 𝑎ଵ𝐷ேିଵ + ⋯ + 𝑎ேିଵ𝐷 + 𝑎ே ℎ 𝑡 = 𝑏ேିெ𝐷ெ + 𝑏ேିெାଵ 𝐷
ெିଵ + ⋯ + 𝑏ே 𝛿 𝑡

𝑁 is the order of the system (represent the number of poles of the system)

If 𝑀 = 𝑁 then

                     ℎ 𝑡 = 𝑏଴𝛿 𝑡 + 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑟𝑠𝑖𝑡𝑖𝑐 𝑚𝑜𝑑𝑒 𝑡𝑒𝑟𝑚 𝑓𝑜𝑟 𝑡 > 0

If  𝑀 < 𝑁 then 𝑏଴ = 0, 
ℎ 𝑡 = 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑟𝑖𝑠𝑡𝑖𝑐 𝑚𝑜𝑑𝑒 𝑡𝑒𝑟𝑚 𝑓𝑜𝑟 𝑡 > 0

Impulse Response of LTIDE systems
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Example :                                    

ଶ ଶ

𝑀 = 𝑁 = 2, 𝑏଴ = 3:

ℎ 𝑡 = 3𝛿 𝑡 + 𝑐ℎ𝑎𝑟. 𝑚𝑜𝑑𝑒 𝑡𝑒𝑟𝑚 𝑓𝑜𝑟 𝑡 > 0 

Char. Equation (reminder):        𝜆ே+𝑎ଵ𝜆ேିଵ + ⋯ + 𝑎௡ = 0

Here:   𝜆ଶ + 5 𝜆 + 6 = 0 → 𝜆ଵ = −2 , 𝜆ଶ = −3
ℎ 𝑡 = 3𝛿 𝑡 + (𝑐ଵ𝑒ିଶ௧ + 𝑐ଶ𝑒ିଷ௧)𝑢(𝑡)

Reminder: Char mode term (if there are no repeated roots for 𝑡 > 0): (𝑐ଵ𝑒ఒభ௧ + 𝑐ଶ𝑒ఒమ௧)𝑢(𝑡)

Char mode term (if there are no repeated roots) for 𝑡 > 0: 𝑐ଵ𝑒ఒభ௧ + 𝑐ଶ𝑒ఒమ௧ 𝑢(𝑡)

Impulse Response of LTIDE systems
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Example 1: Find the impulse response to the following LTIDE:

Impulse Response of LTIDE systems
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Impulse Response of LTIDE systems
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Impulse Response of LTIDE systems
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Example 2: Find the impulse response to the following system:

𝐷ଶ + 3𝐷 + 2 𝑦 𝑡 = 𝐷𝑥 𝑡            𝑁 = 2, 𝑀 = 1, 𝑏଴ = 0

Impulse Response of LTIDE systems
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Example 2: Find the impulse response to the following system:

𝐷ଶ + 3𝐷 + 2 𝑦 𝑡 = 𝐷𝑥 𝑡            𝑁 = 2, 𝑀 = 1, 𝑏଴ = 0

Impulse Response of LTIDE systems
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Impulse Response of LTIDE systems
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𝐷ଶ + 3𝐷 + 2 𝑦 𝑡 = 𝐷𝑥 𝑡            𝑁 = 2, 𝑀 = 1, 𝑏଴ = 0



Example 3: Find the impulse response to the following system:

𝐷 + 2 𝑦 𝑡 = 3𝐷 + 5 𝑥 𝑡                   𝑁 = 1, 𝑀 = 1, 𝑏଴ = 3

Impulse Response of LTIDE systems
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Example 4: Find the impulse response to the following system:

𝐷ଶ + 2𝐷 + 1 𝑦 𝑡 = 𝐷𝑥 𝑡                         𝑁 = 2, 𝑀 = 1, 𝑏଴ = 0

Impulse Response of LTIDE systems
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Example 5: Find the impulse response to the following system:

𝐷ଶ + 1 𝑦 𝑡 = 2𝑥 𝑡            𝑁 = 2, 𝑀 = 0, 𝑏଴ = 0

Impulse Response of LTIDE systems
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Convolution
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Example: Find 𝑦 𝑡 output of the following system to 𝑥(𝑡)

ℎ 𝑡 = 𝑢(𝑡)𝑥 𝑡
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Example: Find 𝑦 𝑡 output of the following system to 𝑥(𝑡)

ℎ 𝑡 = 𝑢(𝑡)𝑥 𝑡

1

1

1

𝒉(−𝝉)

𝝉

1

Soosan Beheshti, Ryerson University

Convolution

𝝉

1

𝒉(𝒕 − 𝝉)

0

1

𝝉

𝒉(𝝉)



𝑥(𝜏)
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1
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ℎ 𝑡 = 𝑢(𝑡)𝑥 𝑡
1

1

1

1

1

ℎ(𝑡 − 𝜏)

𝑡
𝑡 < 0

y 𝑡
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Convolution
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0 < 𝑡 <1

y 𝑡 = 𝑡 − 0.5𝑡ଶ
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ℎ(𝑡 − 𝜏)

𝑡
𝑡 >1
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Plot  𝑦(𝑡) as function of 𝑡
𝑦(𝑡)

𝑡

0.5 −−−−− −
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𝒉(𝝉)

𝝉

1

𝑡𝑡 − 1 0

𝒉(𝝉)

𝝉

1

𝑡𝑡 − 1

𝑎𝜏 + 𝑏
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Example 2: Find the output of the system with ℎ 𝑡 = 𝑢(𝑡) for input 𝑥 𝑡 = 𝑒ିଶ௧𝑢(𝑡)

1ℎ(𝑡 − 𝜏)

1
ℎ(𝑡 − 𝜏)
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Example 3: Find the output 𝑦(𝑡) for the following ℎ(𝑡) and input 𝑥(𝑡).   𝑦 𝑡 =  ∫ 𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏
ஶ

ିஶ

Based on value of 𝑡 we have different overlapping sections:

ℎ 𝑡𝑥 𝑡
1

−1                  1

2

0        1

2

𝑡 − 1              𝑡

1

−1                       1
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𝑡 = −1

𝑡 = −0.5

𝑡 = 0

𝑡 = 0.5

−1                    1

−1                    1

−1                    1

−1                    1

𝜏𝜏

𝜏

𝜏

𝜏

𝑡 = 1

𝑡 = 1.5

𝑡 = 2

−1                    1

−1                    1

−1                    1

𝜏𝜏

𝜏

𝜏
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1

−1                 1𝑡 − 1          𝑡 

2

1

−1                  1
𝑡 − 1  𝑡 

−1

2(𝑡 + 1)

2
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1

−1                  1
𝑡 − 1 𝑡 

−1            0                1

22

1

−1                  1
𝑡 − 1 𝑡 

−1            0              1

22
2(2 − 𝑡)
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1

−1                  1

𝑡 − 1
𝑡 

−1            0              2

2
2

2(2 − 𝑡)2(𝑡 + 1)

𝑦 𝑡 = 𝑥 𝑡 ∗ ℎ(𝑡)
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1

t−1        𝑡       𝑡 + 1
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𝑡 − 1 

2

𝑡 + 1 1

1

𝑡 − 1 

2

𝑡 + 1 𝑡 1

1

𝑡 − 1 

2

𝑡 + 1 

1
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2

1

𝑡 + 1 

1
𝑡 − 1 

2

1

𝑡 + 1 

1

Convolution
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Example 4: Find the output of previous system ℎ(𝑡) to the following input 𝑥 𝑡 :

ℎ 𝑡𝑥 𝑡

1

1

2

1

2

1 -1

2 2

t-1 t
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Convolution

0



Final answer:
1 − 2 𝑡 − 1 + 𝑡 − 1 ଶ

2𝑡 − 𝑡ଶ

𝟏

𝒚 𝒕

1

1tt-1

2

1tt-1

2
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t

1 tt-1

2
1

1 tt-1

2
1

21
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