Signals and Systems I

Topic 5
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Why are Linear Time Invariant (LTI) Systems Important?

Linear Time Invariant (LTI) Systems are both Linear and Time Invariant (TI)!

Consider the following example:

x1(t) y1(t)
1
1
BN S N
1 t 1 2
What can be said about the output of this system to z(t).
z(t)
2
1 0.5
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Why are Linear Time Invariant (LTI) Systems Important?

x1(t) . y1(t)
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Why are Linear Time Invariant (LTI) Systems Important?

x1(t) , y1(t)
T A 8 |— %

2(t) = x,() + 226, (£) + 0.5x3(t) — x4 (t) 1! 1 2
z(t)
2 x1(t) 1
1 L 2 3 4t 8 e
0.5 x2(t)
1 2 |3 |4 ¢ |1_|2134f%5% 10)
-1 x3(t) 1

1 2I_|3 s ¢ LS »o

If the system is linear then: %) |_| 1
S wm®

yz(t) = y1(t) + 2y,(t) + 0.5y5(t) — v

Can we find y2(t) and y3(t) and y4(¢) only by using the available y; (¢)?
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Why are Linear Time Invariant (LTI) Systems Important?

x1 () , y1(t)
T s %T/\

2(t) = x,(t) + 2x,(t) + 0.5x5(t) — x4 () 1! 1 2
2(t)
2 x1(t) 1
1 L 2 3 4t 8 oy
0.5 x2(t)
1 2 |3 |4 ¢ |1_|2134f%5% 10)
-1 x3(t) 1

12I_|3 s ¢ LS »o

If the system is linear then: %) |_| 1
S wm®

yz(t) = y1(t) + 2y,(t) + 0.5y5(t) — v

Can we find y2(t) and y3(t) and y4(t) only by using the available y; (¢)? Only if the system 1s also TI!
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Why are Linear Time Invariant (LTI) Systems Important?

t
0 5 x1(t) , y1(t)
1 — S — »@®? 1 g ;

t t
1 1 2 |3ls ¢ 1 12

z(t) = x1(t) + 2x,(t) + 0.5x5(t) — x4 (1)

If the system is also TI, then we have:

x1(t) 1 1 /\ )
1 2 3 4 ¢t I I 2 '
2y (£) = 2%, (¢ — 1) 7 ) /\ ya(t) = 201 (t — 1)
1 2 3 4 ¢ N 1 2 3 '
x3(t) = 0.5x,(t — 2) 0.5 - S - 0.5 /\ys(t) =0 5y1(t;2)
1 2 3 4 12 3 4
x4(6) = — 1oy (¢ — 3) | ualt) = —nt — )
T 1 2 314 e 41 172 N5
—1
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Why are Linear Time Invariant (LTI) Systems Important?

z(t) 2
1

S%

3 J4

-1 1 2

t

z(t) = x1(t) + 2x,(t) + 0.5x5(t) — x4 (1)

Y (t) = y1(t) + ya(t) + ys(t) + ya(t)

xZ(t) = le(t - 1)

x3(t) = 0.5x,(t — 2)

X4 (t) = =1x1(t — 3) T

x1(t)

1

— >
2 3 4 t S
2

—> >
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y.(t) 2

-1
y1(t)
1
VAN )
2
2 /\ ya(t) = 2y1 (t — 1)
t
1 2 3
0.5 ys(t) = 0.5y (t — 2)
N\ ;
1 2 3 4
ya(t) = —y1(t = 3)
1 2 3\¢/5
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Why are Linear Time Invariant (LTI) Systems Important?

2(t) 2 Y,(t) 2
1 B Y RO RO R RSO RSNG
1 1 2 [3]4 ¢
123
z(t) = x1(t) + 2x,(t) + 0.5x3(t) — x4(t) v t
Since the system is LTT we found output y,(¢) only with this information: -1

x(t) =2x.(t — 1) 2 y) ya(t) = 2y1(t — 1)
1 2 3 4 ¢ N 12 3 '
x3(t) = 0.5x,(t — 2) 0.5 S 0.5 /\ys(t) =0.5y1(t — 2)
- —
1 2 3 4 t 1 2 3 4
x4(t) = —1x,(t — 3) T T ya(t) = =yt = 3)
N . t
1 o2 3l S 1 23\s
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Why are Linear Time Invariant (LTI) Systems Important?

So for LTI system if we have the output of the system to f(t)

i) ys(t)
1
_‘ €
% ]
£ t S t
Then we can find the output of the system for ANY z(t) using only yz(t)!!!
¥2(t) Note that here ex(ne) are
y1(8) l fixed numbers (coefficients)

x() / T %0
e , 18 o Wy
x,(t) t

x1(t) x(t) = x,(t) + x,(t) + x3(t)+ ...
~ Y, ex(ne)f(t — ne)

() ~ y1 (t) + y2 () + - --

S, ex(ne)ys(t - ne)
oee Soosan Beheshti, Ryerson University

<



Linear Time Invariant (LTI) Systems and Impulse Response

As e — 0, f(t) becomes §(t) and we have

f(t)
Ase -0 "
_‘ x(t) x(t) = Z ex(ne)f(t —ne) = x(¢) = f x(1)8(t — 7)dt
€ 4

\ t

5@) 5(t—T1)

So if the output of linear system for all §(¢t — T) is known , the output is available!

Definition: For ALL systems impulse response, h(t), is the response of the system to §(t)!

A 5O h®) q
< A




Linear Time Invariant (LTI) Systems and Impulse Response

As e — 0, f(t) becomes §(t) and we have
f(t)

_‘ x(t) x(t) = Z ex(ne)f(t —ne) —  x(6) = f x(0)6(t — 1)dt
n —00
€ t
ce t .
\ Impulse response is
sy 0T very helpful and super

important for LTI

So if the output of linear system for all 6(¢ — T') 1s known , the output is available! systems! Why?

Definition: For ALL systems impulse response, h(t), is the response of the system to §(t)!

A 8 (0 q
e SN

t t
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LTI Systems, Impulse Response and Convolution

5(t)
1 5

Impulse response can be found for any system

— h(1) (even if it’s not LTI)

t

However if the system is TI then:

o(t—71) >

And if the system is also Linear, then we have:

2 x(r)ot—71) 4§

Here x(7)s are numbers like a and b
in the linear combination of signals

And therefore

o0

x(t) = ]x(r)(S(t—r)dr — S

— 00



LTI Systems, Impulse Response and Convolution

o(t) Impulse response can be found for any system
— S [ () (even if it’s not LTI)

t

However if the system is TI then:

S(t—7) 4 8§ - ht—7)

And if the system is also Linear, then we have:

Yox(r)it—71) A S | > z(n)h(t—171)

Here x(7)s are numbers like a and b
in the linear combination of signals

And therefore
W0 = [x@8¢-0dt — 8 | y(t) = [, a(r)h(t — 7)dr

This operation is called Convolution
LTI systems are uniquely defined by their impulse response.

We can replace the LTI system with its impulse response that is a signal!
p y p p g Soosan Beheshti, Ryerson University



Linear Time Invariant Differential Equation (LTIDE) systems
(important class of LTT systems)

Example: y (t) 1 H

x(t) = L + Ry(t)

x() =2 + 2y(t) x(t) @ 2

x() = (D +2)y(0)

Example:

x(t) —
x(t)(1 - 202 + 3D3) = (14 2D)y(t)

2d? x(t) d x(t)

+ 3

Linear combination of input and its higher order derivatives = Linear combination of output and it higher order derivatives

SO0



General Form of Linear Time Invariant Differential Equation (LTIDE) systems

(DY + a;Dy_1 + -+ ay_1D + ap)y(t) = (by—yD™ + by_pr1 DM~ + -+ by)x(t)

N (highest derivative of output) is denoted as the order of the system.
For now we assume that M < N, (we discuss M > N later).

Note that a, that is the coefficient associated with DV y(t) is one. If this is not the case first divide both sides
so that ayis always one.

Example:

(D? + 5D + 6)y(t) = (3D? + D + 1)x(¢)

N=M=23nda0 = 1,a1 =5,a2 =6,b0 =3,b1 = 1,b2 =1



Impulse Response of LTIDE systems

Output of the causal system to imput x(t) = 6(t) is denoted by h(t):

(DN + alDN_l + -+ aN_lD + aN)h(t) = (bN_MDM + bN—M+1 DIVI_1 + -+ bN)5(t)

N is the order of the system (represent the number of poles of the system)

If M = N then

h(t) = by6(t) + (charactrsitic mode term fort > 0)

If M < N then by =0,
h(t) = charactristic mode term fort >0



Impulse Response of LTIDE systems

Example :

(D?+5D +6)y(t) = (3D? + D + 1)x(t)

M=N=2b,=3:
h(t) = 35(1:) + (Char_ mode term fo‘r' t>0 ) Note: we are assuming that the system

is also causal (will discuss this later)

Char. Equation (reminder):  AN4+aq A1 +.-4a,=0

Here: A +51+6=0->1; =-2,1, = -3 The main challenge is now
h(t) = 35(t) + (cie™?t + c,e3YHu(t) to find ¢; and ¢z

Reminder: Char mode term (if there are no repeated roots for t > 0): (c;e?1t + c,e?2t)u(t)

Char mode term (if there are no repeated roots) for t > 0: (Cle’llt + cze’lzt)u(t)



Impulse Response of LTIDE systems

example 1:  Find the impulse response to the following LTIDE:

Input z(¢) and output y(t)
(D*+5D +6) y(t) = (D +1)z(t)

We replace 2(t) = 6(t) so y(t) = h(t) (A kick to the system!)
(D*+5D +6) h(t) = (D +1)4(t)

h' +5h +6h =06 +6
N=2M=1,by=0

MABA+6=0—= X =—-2,X=-3=>h(t) = (cre? + c2e?") u(t)

B (t) = (—2c1e7 2t — 3eae 3N u(t) + (cre™2t + cae™34)6(1)
B (t) = (—2c1e™ 2t — 3eae 3N u(t) + (c1 + c2)d(t)

R (t) = (dere ™2 + 9cge 3N u(t) + (—2c1e™ 2t — 3cae™3H) (L) + (c1 + ¢2)d(t)



Impulse Response of LTIDE systems
(D? +5D +6) h(t) = (D +1)5(t)

So we build (D? +5D + 6)h(t) and set it equal to (D +1)5(t) = 6'(t) + 6(t).
6 x h(t) =6 x [(cre™" + cae " )u(t)]
5x Rh'(t) =5 x [(—2c1e7?" — 3cae™*)ul(t) + (1 + ¢2)d(t)]

1x h'(t) =1x [(dere™ 4+ 9eae ? u(t) + (—2¢1 — 3¢2)8(t) + (c1 + ¢2)8' ()]

6h(t) + 5h'(t) + A" (t) = 0 x u(t) + (3c1 + 2¢2)0(t) + (c1 + ¢2)d' (¢)
has to be the same as = §(¢t) + ' (¢)

3 2 =1 =—1
L s N R — h(t) = (—e " 4 2e7?"u(t)
c1 + Co =1 Co = 2



Impulse Response of LTIDE systems

d(t) and its derivatives (&' (t),---)

5
S (H)
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Impulse Response of LTIDE systems

example 2: Find the impulse response to the following system:

(D? + 3D + 2)y(t) = Dx(t) N=2,M=1,b,=0
2 _ A= —1 _ it Aot _ —t —2t
M43 +2 =0 — \ 5 — h(t) = (c1e™" + cae™") u(t) = (cre™" + coe™ ") u(t)
2 = —

So we have to have:
h"(t) + 3h'(t) + 2h(t) = &' (1)

h(t) = (cre™" + coe™ ) u(t)
W(t) = (—cie™" —2coe ) u(t) + (c1 + c2)d(t)
R'(t) = (cre™" +deoe ) u(t) + (—e1 — 2¢2)8(t) + (1 + ¢2)d'(t)

We can write:

h"(t) 4+ 31/ (t) + 2h(t) = 6'(t)
0 x u(t) + (261 + 62)5(t) + (Cl + CQ>5/(t) - 5/(t)



Impulse Response of LTIDE systems

Example 2: Find the impulse response to the following system:

(D? + 3D + 2)y(t) = Dx(t) N=2,M=1,b,=0

h"(t) + 3h'(t) + 2h(t) = &' (1)

h(t) = (cre™" + coe™ ) u(t)
W (t) = (—cie™" —2coe™*) u(t) + (c1 + c2)d(t)
R'(t) = (cre™" +4deoe ) u(t) + ( c1 — 2¢2)0(t) + (c1 + ¢2)d' (t)

We can write:

h"(t) + 3R (t) + 2h(t) = &§'(t)
0 x u(t) + (2¢1 + c2)0(t) + (c1 + ¢2)d0'(t) = &' ()

—c1=—1,c0 =2 |h(t) = (—e " +2e7*") u(t)

2c1 +co =0
Cl—|—02:1

Validate your answer



Impulse Response of LTIDE systems

(D? + 3D + 2)y(t) = Dx(t) N=2,M=1,b,=0

Here is how to validate your answer:

h(t) = (e7" 4+ 2e7%") u(t)
W ()= (e”" —4e ") u(t) +5(t)
R'(t) = (—e " +8e ") u(t) + (—3)d(t) + &' (¢)

2h(t) +3h'(t) + A" (t) = 0 x u(t) + (3 — 3)d(¢t) + &' ()

Confirmed!



Impulse Response of LTIDE systems

Example 3: Find the impulse response to the following system:

(D +2)y(t) = (3D +5)x(t)

Solution:

z(t) = o(t) = y(t) = h(t)

N=1M

h(t) = bod(t) + (Char mode term for ¢t > 0)

A+2=0—=X=—2—=h(t) =35(t) + ce * u(t)
R (t) = 38" (t) — 2ce”*u(t) + co(t)

h'(t) + 2h(t) = 36"(t) + 55(t)
36" (t) + 0 x u(t) + (c+6)d = 35'(t) + 54(t)
c+6=5—-c=-1

1, by



Impulse Response of LTIDE systems

Example 4: Find the impulse response to the following system:

(D2 + 2D + 1)y(t) = Dx(t) N=2,M=1,b,=0

Solution:
' +2h" +h =§(t)
Char. roots: A2 +2\+1=0— A= —1,—1 (repeated roots)

h(t) = (cre™" + teae™) u(t)
W (t) = (—cie™" + (coe™" — teae™)) u(t) + c16(¢)
R'(t) = (cre™" — coe™" — coe™" +Htcoe ) u(t) + (—c1 + ¢2) 8(t) + 16 (¢)

R"(t) + 2h'(t) + h(t) = 6'(¢)
0 x u(t) + (c1 + c2)0(t) + c16'(t) = &' (¢t)

{61 +c2=0 . {Cl =1 — | h(t) = (1 —t)e tu(t)

c1 =1 co = —1




Impulse Response of LTIDE systems

Example 5: Find the impulse response to the following system:

(D? + Dy(t) = 2x(t) N=2,M=0,b,=0
Solution:
Char. roots: N2 4+1=0—= X = +j, —j
h(t) = (cre™?t + coe?2t)u(t)

h(t) = (cre’® + cae™ 7 )u(t)
B (t) = (jere?t — jeae ™) ult) + (c1 + c2)d(1)
h'(t) = (—e1e?" — coe™u(t) + (jer — jea)d(t) + (1 + 2)d' (t)




Convolution

X ( t) LTI .;'l {:)tem -y ( t)

The output, y(t), of a LTI system with impulse response h(t) and input x(t)
can be calculated using convolution as follows:

y(t) = / x(T)h(t — 7)dT = / h(T)x(t — 7)dr

Note that in this equation for each value of ¢, variable 7 is the independent
variable inside the equation and t is the associated delay.



Convolution
example: Find y (t) output of the following system to x(t)

x(t) h(t) = u(t)
: \ i u(t) = / wm)h(t = r)dr = / h(r)a(t — r)dr
1 t t R

Solution:
First we need to build h(t — 7) (here ¢ is the delay and 7 is the IV)

1- Flip h(r) horizontally to build h(=r). 2- two examples of h(t —7) for t =2 and t = -2 .

h(=7) | h2-7 h(-2-17) |

1
T
: —2

@ 0 e e Soosan Beheshti, Ryerson University




Convolution
example: Find y (t) output of the following system to x(t)

x(t) h() = u(t)
: \ i y(t) = / @(r)h(t — 7)dr = / h(r)e(t —7)dr
1 t t S

Solution:
First we need to build A(t — 7) (here t is the delay and 7 is the independent
variable (IV))
3- Move the value h(—7) at zero to ¢ to built h(t — 7)
Step 1- Change the IV from t to 7.
Step 2- Flip h(7) to build h(—7).

heo) +h(t—1T)

T

next step is to find x(7)h(t — 7) for different values of ¢ and its integral:

@ 0 e e Soosan Beheshti, Ryerson University



Convolution

Finding x(7)h(t — 7) for different values of ¢ and its integral: o

h(=2—1) x(7)

-2 1

h(-1—1) 1 x(7)

y(t) = / z(T)h(t — T)dT = / h(T)x(t — T)dr

h(=2—-71)x(t) =0

h(—7) 1 x(1)

h(0.5 — 1) Hi(r)

t

h(=1—71)x(t) =0
t

h(—7)x(t) =0
t

h(0.5 —T)x(T) =0

ﬁ y(0.5) = [ x(r)dr = 0.25 x 3

t

0.5

@0 e e Soosan Beheshti, Ryerson University



Convolution
Finding x(7)h(t — 7) for different values of ¢ and its integral (cont.):

h(0.9 — 7)z(71)

h(0.9 — 1) 1 \ . \ y(0.9) = [" a(r)dr = 0.5 x =52
091 0.9
h(1 - ) . h(1 — 1)z (1)
_ 0.9
N N y(1) = [0 a(r)dr = 05
1 1
hz— 1) . 1 h(2 — 7)x(T) N fQ - g
\ y = Jo X\T)atT = U.
12 1

@0 e e Soosan Beheshti, Ryerson University



oo o

y(t) = / z(T)h(t — 7)dr = / h(r)x(t — T)dr

t 1 ™

Convolution Ko Eo
Generalizing for all ¢: X(t) h(t) = u(t)
1- For t < 0 there is no overlap between z(7) and h(t — 7)Therefore (1) x h(t — 7) = 0 and y(t) = 0. 1 ¥ 1
1 t t
h(t — 1)
1 M) y(®) T
t<o0 ‘ t

t t

2- For 0 <t <1 there is a partial overlap: y(t) = Ja(r)dr = [ (=74 1)dr = (_é +7)5 =t~ %
0 0

ut) =t — 0.5t2
1
t
1

t 1 T

h(t —1)

0<t1

1
3- For ¢ > 1 there is a full overlap: y(t) = [z(7)dr = 0.5
0

h(t — 1)

y(t)
1 1 |\ 0.5 L t
T 1

1t
@ 0 e e Soosan Beheshti, Ryerson University



Convolution
Plot y(t) as function of t

+ y(t)

0.5 |

v

To check whether the function is concave or convex between 0 and 1 you can
try finding the value at ¢ = .5. Here this value is 3/8 which is larger than 0.5/2
and makes the function concave.

Now try the same problem with flipping z(t), try to find the following inte-
gral:

o0

y(t) = / h(r)a(t — 1)dr

— o0

The same wil be the same as what we have found previously.

SO0

y(t) = /:U(T)h(t—T)dT: /h(T)JJ(t—T)dT

Soosan Beheshti, Ryerson University



Convolution
First build x(t — 1)

Step 1: Draw x(7) by changing the independent variable from ¢ to 7

2(7)

Step 2: Flip z(7) to show x(—7)

z(T)h(t — 1)dr = / h(r)x(t — T)dr

@o e e Soosan Beheshti, Ryerson University



Convolution

1- For ¢ < 0 there is no overlap between h(7) and x(t — 7):

Therefore y(t) =0

2- For 0,t < 1 there is a partial overlap between h(7) and x(t — 7):

at+b=1 a=1
— — The line equation: 7+ 1 — ¢
SARNIPEEE (i |

y(t) = / z(t — 7)h(r)dr = /(7‘ —t+1)dr =[r*/2+ (1 —t)7]lg =t — t*/2
—o00 0

1
3- For ¢ > 1 there is a full overlap: y(t) = [@(r)dr = 0.5
0

So the final answer is identical to what we had calculated before
o0 o0

y(t) = / z(T)h(t — 1)dr = / h(T)z(t — 7)dr

— 00 — 00

1
t—1

h(7)

v

h(7)

\4

t—1t T

XD Soosan Beheshti, Ryerson University



Convolution

Example 2+ Find the output of the system with h(t) = u(t) for input x(t) = e~?tu(t)

Solution:

First plot h(t — 7) through the three steps.

1- For t < 0 there is no overlap, therefore y(t) = 0.

2- For t > 0 there is a partial overlap, and the convolution is equal to the area
under the overlao%ped section.

y(t) = / z(T)h(t — 7)dr

— 00

l
—
[B

%

N
2
\‘

So the final answer is

o}

y(t) = / z(T)h(t — 7)dT = / h(T)z(t — T)dr

— 00

ht—-1) 1
t
ht—-1) T\ z(1) = e *Tu(r)
%\ — T

2

—2t

2

) u(t)

Try flipping and shifting x(¢) and verify that you get the same answer.

@0 e e Soosan Beheshti, Ryerson University



Convolution

example 3: Find the output y(t) for the following h(t) and input x(t).

y(®) = J__ x(@h(t — 1)dt

x() 5 h(t)
k
-1 1 1 0 t
First build h(t — 7) h(t — )
2
T
t—1 t
Based on value of t we have different overlapping sections:
T T e
IR T = i
| | | I 1 [ | | |
| | | [ [ | | |
| 1 | L1 L1 | | |
-1 1

Find the different ranges of ¢

OO Soosan Beheshti, Ryerson niversity



oo

y(t) = / z(T)h(t — T)dT = / h(r)x(t — 7)dr

Convolution t o
1 1 1
1 1 1
1
1
1
1 > >
—1 1 T -1 1 T
t = —05 [—— t = 15
P T
I I I 1
: " ] 1
L] : ] :
-1 1 T -1 1 T
_de=o0 |
I' r=-q = 2
1 1 1
1 1
1
1
> I
-1 1 >
T —1 1 T
r1—" t = 0.5
1 1
1 1
il
1 1
[ | [ | >

- 1 1 T @ 0 e e Soosan Beheshti, Ryerson University



h(t — )

Convolution 2 vy = [ stwmte—ryir = [ et - ryir
T
1- For t < —1 there is no overlap and y(t) = 0. t—1 t
7 y(t)
1
t—1 t -1 1 T t
2- For —1 <t < 0 there is a partial overlap
y(t) = ﬁ}o x(T)h(t — 7)dr = —j1 2dr =2(t+1)
2 y(t)
1
2(t+ 1)
-1 N1 T t

@ 0 e e Soosan Beheshti, Ryerson University



Convolution

3- For 0 < t < 1 we have a full overlap
00 t
y(t) = f z(T)h(t — T)dT = f 2dr = 2

—o0 t—1

t—1 t

4-For0<t—1<1—1<1t<2 there is a partial overlap:

y(t) = j? z(T)h(t — T)dT = fll 2dT =2(2-1t)

—o0 t

-1

5-Fort—1>1—t > 2 there is no overlap

y(t) =0.
1

y(t)
2
-1 0 1 t
y(t)
2
P
-1 0 1 t
y(t) _
2 y(£) = x(t) * h(t)

2(t yw— t)

-1

t—1

-1

0 2 t

XD Soosan Beheshti, Ryerson University



Convolution z(—7) z(t —7)
Try the same problem, this time by flipping and shifting x(¢): 1 1
y(t) = _f h(m)x(t — 7)dT = h(t) * x(t)
1 0 1 T t—1 ¢t t+1 7

Note: Width of convolution of two finite width signals with widths of 7} and
T5 is always T + 15

In addition if one signal starts at ¢; and the other signal starts at ¢5, the covo-
lution of two signals starts at t; + to.

Consequently, if the two signals end at t3 and t4 the convolution ends at t3+t4.
Check for this example!

...and for all convolutions you solve

@oee Soosan Beheshti, Ryerson University



y(t) = / 2(T)h(t — 7)dr = / h(m)z(t — T)dr

— 00 — 00

L] 2
Convolution
Sliding x(t — 7) over h(t): 1
1- For t+1 < 0 — t < —1 there is no overlap, therefore, y(t) = 0.
t—1 t+1 1 T
2
2-For0<t+1<1— —1<t<O0 there is partial overlap 1 _.
t—1 t ¢t+11 T
3-Fort+1>1andt—1<0—0<t<1 thereis a full overlap 2
1
. -
t—1 1 t+1 T
4-For0<t—1<1—1<t<2 there is a partial overlap 2
1
2 !
5- For t — 1> 1 — t > 2 there is no overlap 1 T 1 T
t=1  t+1

tor

t+1

OO Soosan Beheshti, Ryerson University



Convolution

Example 4: Find the output of previous system h(t) to the following input x(t):

x(t) h(t)
2
1 \
t t
1 1
It is up to you to flip and shift x(¢) or k(). Start with the one that is easier!
For example here we start with h(t) as it seems to be easier. .
y(t) = [ x(r)h(t —7)dr
— OO
Step 1: Draw h(7) by changing Step 2: Flip h(7) to show h(—7) 3- Move the value h(—7) at zero to t to built h(t — 7)
the independent variable from ¢ to 7
h(T)
2 2 h(—7) 2 h(t —7)
T T T
1 -1 0 t-1 t

@0 e e Soosan Beheshti, Ryerson University



. y(t) = z(T)h(t — 1)dr = h(r)x(t — T)dr
Convolution + () 4 4
Final answer: 1 L= 20t—1) + (t - 1)2
LR AN
Solution: 1 2 t
1- For ¢t < 0 there is no overlap and y(t) = ?’L(t . T)
t-1 t 1 T
2- For 0 < t < 1 there is a partial overlap and
y(t) = [ 2= + 1)dr = 2 — 12 h(t—7) 2
0 \\
‘ S t-1 't 1 T
3- For 11< t < 2 there is a partial overlap and 5 bt 4 For t > 2 there is no overlap and y(t) = 0
yt)= [ 2(—7+1)dr=1-2(t—1)+ (t — 1) 1 ( - T) h( )
=1 2 t—T1
\\ 1
t11 ¢ T \

1 t1 U T

Try flippi d shifti t) and verify that t the s SWer.
Y HPping and Shrting J}( ) and vertly that you ge ¢ Same atswer Soosan Beheshti, Ryerson University



Initial Condition and LTIDE systems

(DN + alDN_l + ...+ CLN) y(t) = (bN_MDM —+ bN_M_lDM_l + ...+ bN) $(t)

The convolution answer is for casual LTI system at initial rest or zero state
(ZS) system which has input z(¢) and impulse response h(t). In this case it is
assumed that y(0) and derivatives of y(t) up to order N — 1 at zero are zero:

e —— § )

y(0) =0, (0) =0, .y V7V (0) =0

The output of the system in this case is denoted as yzg where ZS is for zero

state: ® x
Yos(t) = / x(T)h(t — T)dT = / h(r)x(t — 7)dr
o o Note that this system is LTI in zero state

e ey .- status. But in presence of initial conditions
In presence of initial condition we have at least one nonzero values for y(0) [ j.ve to be careful with using linearity and

and its derivatives up to N — 1th order. Find the output of the system for  time invariance properties. Why?
its initial conditions separatelty. This output is denoted by zero input re-

sponse ¥.;.. First set the characteristic mode C(t) to the values provided for

y(0),yM(0),--- ,y™=1(0) at zero to find the coeffitients, i.e, y(0) = C(0),

y(0) = C'(0), - --. Using those coefficients, the system response after ¢t = 0 is:

Yzir (t) = C(t)u(t) For example for the case of non repeated
roots Characteristic mode is C(t) = (cieM? + ... + cxe*N?t)
The finial answer is

y<t) - yzs(t) + yzz’T(t)



