Signals and Systems I

Topic 10



Synthesis Equation: z(t) = 5= [ X(jw)e’*'dw

Analysis Equation: X (jw) = [~ z(t)e 7«tdt

o}

More on calculation of FT and additional FT properties
FT & LTI systems

FT & LTIDE Systems

Modulation & Demodulation

Sampling



Fourier Transform of some Important Signals (review)
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Fourier Transform of some Important Signals

o0

Synthesis Equation: z(t) = 3= [ X(jw)e/*!dw

- 00

Analysis Equation: X (jw) = ffooo z(t)e It dt

x(t) X(jw)

FT
ﬁ N
6 (t) 1
| ot w
ety (), a>0 1 |X(jw)|
The FTs can be calculated using the FT equation (The Analysis equation)
- e .
X(jw)
2X(jw) _ 1
>t jw+a
w
x(t) FT

X(jw) = 2T;sinc(wTy)
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Fourier Transform of some Important Signals
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Synthesis Equation: z(t) = 3= [ X(jw)e/*!dw
— 00

Analysis Equation: X (jw) = f_°°oo 2 (t)e It dt

The FT can be easily calculated using the FT equation (The Analysis equa-

tion)

The inverse FT (IFT) can be easily calculated using:

1-The IFT equation (Synthesis equation)

_ 2- Duality property

The FT can be calculated

3- using the periodic property

4- or directly by using the synthesis equation! (not as convenient as the above

methods)
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Fourier Transform of a constant signal

/ 1 ’ The inverse FT (IFT) can be easily calculated using:
21 E IFT 6((‘)) 1-The IFT equation (Synthesis equation)
w
t 0= 5 [ XGoedo =L [ s tan= o [ st = 5
x(t) = — w)e!"dw = — w)e!dw = — w)dw = —
27 J_ J 27 J_ 2 J_ 27
2- Duality property
_________________________ 5(t) ©5 A(jw) = 1 25 278(w)
1 The FT can be calculated
5 3- using the periodic property:
21T FT 6 (w)
Constant signal is a pulse from —7 to T with period 27"
w
t | Dy = 5= and the rest of the D,s are zero. Therefore X (jw) = 27 x Dod(w)

4- or directly by using the synthesis equation! (not as convenient as the above
methods):

o0 . Rl B d(w) fw=0
X (jw) = (t)e Wt = / —e Wt =
() / a(t)e 2r° {0 ifw#0 (why?)

— 00 — 00
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The inverse FT (IFT) can be easily calculated using:

Fourier Transform of Periodic Spiral 1- Direct use of IFT definition:

1 [ ; 1 [ .
z(t) = %/ X (jw)el*tdw = %/ 278 (w — wp) e’ dw

b jwot o0 , . o0 .
el®0 = / §(w — wp)e?tdw = ej“’ot/ S(w — wp)dw = e7*0!
—0oQ — 00
IFT 270 (w — wo) 1
2- Frequency Shift property
| w o(w) 1T, % (constant signal)
oo w m® wo Shifting the FT by w is multiplication by e/“°¢ in time.
3- Shift in time property and Duality property
FT . ;
21(t) = 0(t + wp) — X (jw) = eI¥ov
eiwot 2o(t) = X (jt) = eiot ILy 9z (—w) = 218 (w — wo)

FT 27§ (w — wo) The FT can be calculated

4- using the periodic property:

It is known that periodic spiral has only one nonzero D,,. If w is positive D; =1
and if it is negative D_; = 1. Therefore X (jw) = 27 X D16(w — wyp) for positive
wo and X (jw) = 27 x D_16(w — wp) for negative wy.

Orthogonality principle:

5- or directly by using the synthesis equation! (not as convenient as the above
. methods):
/ ejb-)otejwtdt — {0 if «o # w ) 00 o)

2mi(w —wo) if wo=w X (jw) = / x(t)e Iwtdt = / eIote=IWtdt = 2w (w — wp)

— 00 —00

— 00

iwgt Fourier Transform
eIt — 2775(w — wo) @RS Soosan Beheshti, Ryerson University




Fourier Transform of Cosine

, ero t
0.5, L N\
n FT 27§ (w — wo)
R:g\ | wo w
N T
Sy s 0ot 20
Using either of five methods explained in the previous page, FT of cosine signal
can be found through linear property of FT:
. n FT . . n
x(t) = cos(t) = Leswot 4 Lemiwot “— X (jw) = IFT(edwot) 4+ LFT (e Iwot)
cos(wqt) 2 2 2 2

o = 3276(w — wo) + 3276 (w + wp)
\ /B
VARV o
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. ) . z(t) = 5= 70 X (jw)el“tdw
Fourier Transform Properties (Product of Signals) B

X(jw) = [ x(t)e I+tdt

Remember convolution in time
() 5 X (juw)
T2 (t) LI Xo(jw)
x3(t) = x1(t) * z2(t) £, X3(jw) = X5 (jw) x Xa(jw)

Convolution in time = Product in Frequency

9. FT of product of signals 21(6) £55 X, (o)

za(t) = Xo(jw)

23(t) = 21.(t) x 22(t) 5 X (jw) = %Xl(jw) ¥ Xo(jw)

Product in time = Convolution in Frequency



Fourier Transform Properties (Product of Signals)

‘Windowed version of cosine

Example:
x(t) x2(t)
cos(wyt)

L AVAVAVAVAVAVAR I AVIAVASE

wiojsueld|
Jaluno4

Xo(jw)
2T, =4 m_n
) Ty, 2 - T - 2
2 X S\ [ N A
27 & = — —
~10 10 @ -~ 1ov V10v

xo(t) = cos(wot) x z(t), wo =10
1 . .
x(t) x cos(10t + 6) RN — X (jw) * (7rej95(jw — juwo) + me 05 (jw + jwo))
N————— 27
Leifeiwot41e—i0e—iwot
1 oo, . 1 oo,
= LK (- w0)) 5K (e + o)

2
@D Soosan Beheshti, Ryerson University



Fourier Transform Properties (Product of Signals)

‘Windowed version of cosine

A x(t) / cos(wqt) \ x(t)

s AWM = DA

Example:

wiojsueld|
Jaluno4

Two interesting facts are shown by this simple example: —10

1- Multiplication of a signal (here a cosine) with a pulse windows the sig-
nal in time and equivalently convolves the F'T of the signal with sinc function.

2- Multiplication of a signal (here a pulse) with cosine Amplitude Modu-
lates(AM) the signal in time and equivalently the FT of the signal shifts to
Wo and —Ww Soosan Beheshti, Ryerson University



Fourier Transform Properties (Derivative and Integral)

9. FT of derivative of a signal

proof: take the derivative of both sides of the synthesis equation:

o0 o0 o0
:TitT(f) = %% f %X(jw)ej‘“tdw = % f X(jw)%ej“’tdw = % f X (jw)jwel“tdw
—00 —o0 -0

10. FT of integral of a signal
(1) =5 X (jw)

2(t) = / z(r)dr L5 Z(jw) =

— 0

Note that the integral property can be used only if y(t) = [ i% x(t)dt has a F'T,
i.e., the FT integral converges. For example it is known that FT(6(¢)) = 1 and
u(t) is integral of 6(¢) but u(t) doesn’t have a FT!

X(jw)
Jw




Fourier Transform & Periodic Signals

FT properties Signal FT
(t) X(jw)
z(t) Z(jw)
Linearity ax(t) + bz(t) aX (jw) + bZ(jw)
Time shift x(t — To) e~ I9T0 X (jw)
Freq. shift eIty (t) X (j(w —wp))
Scaling z(at) ﬁX(j <)
Duality X (jt) 2rx(—w)
Complex Conj.  x*(t) X*(—jw) (so for real signals | X (jw| is even and /(X (jw) is odd
Convolution x(t) * z(t) X (jw) x Z(jw)

Periodic signals  x,(t) with D,, coeffs  X,(jw) =", Dn27d(w — won)

Product in time  z(t) X 2(¢) =X (jw) * Z(jw)
Derivative x'(t) JwX (jw)
Integral fioo x(T)dr Xw) only if the integral of FT conveges

@oee Soosan Beheshti, Ryerson University



Fourier Transform and LTI Systems

x(t) —>  h(t) —> y(t)

y(t) = h(t) xx(t), Y(jw)=H(jw)X(jw),

Example:
1 Reminder:
H(jw) = —————, system is causal
5+ djw ’ X1 (jw) = e % 5 zy(t) = 6(t — 4)
H(jw) = m — h(t) = %e_tu(t)

—2t,

X1 (jw) = e find g1 (t) = z1(t) * h(t) Xolj) = gos = a(t) = e ()

X (jw) = 5 jjw find g2 (t) = 22(t) * h(t)



Fourier Transform and LTI Systems

1

H{jw) = 57 5 jw

X1 (jw) = e 74
1
2+ jw

Xo(jw) =

x(®) —{ ()

—> y(t)

y(t) = h(t) xx(t), Y(jw)=H(jw)X(jw),

find  y1(¢) = z1(¢) * h(t)
find  y2(t) = x2(t) * h(?)

Method 1:
Find convolutions directly:



Fourier Transform and LTI Systems

1

H(jw) = = 5jw

X(t) — h(t) —> }’(t) X1(jw) = e find  yy(t) = 21(t) * h(2)

. 1 .
Xa(je) = 5 find ya(t) = ma(t)  h(1)

y(t) = h(t) xx(t), Y(jw)=H(Gw)X(jw),

Method 2:
Find Y} (jw)&Y2(jw) first and then take IFT of them to find y; (¢) & ya(t).

1 IFT

— j 1
Y (iw) = X1 (G H (jw) = e 94— — 4 — L (t-a) 4
1(jw) 1(jw)H (jw) = e 545 —= 4t —4)xh(t) = £e u(t —4)

. > y 1 1
Va(jw) = Xa(jw)H(jw) = 5==2 X 37—

Use Partial Fraction Expansion and fine a and b to rewrite Y (2(jw) as

a b

Ya(jw) = —2—
209) = 55 Y T 70




Fourier Transform and LTI Systems

x(t) —>  h(t) —> y(t)

y(t) = h(t) x2(t), Y(jw)=H(jw)X(jw),

Method 2:
Find Y; (jw)&Yz2(jw) first and then take IFT of them to find y; (¢) & ya(t).

. 1 1
Vi (jw) = X1 (jw)H(jw) = e_J4wm LETS §(t — 4) % h(t) = ge—<t—4>u(t —4)

1 1
— X -
24+ jw  5(1+ jw)

Ya(jw) = Xa(jw)H(jw) =

Use Partial Fraction Expansion and fine a and b to rewrite Y (2(jw) as

a 4 b
2+ jw 14+ jw

Yo (jw) =

a=(2+ jw)Ya(jw)|joe—2 = —1

b= (1+jw)Ya(jw)ljw=—1 = %

X1 (jw) = e find

. 1 ,
Xo(jw) = 5w find

yi(t) = 21(t) * h(t)

Yy2(t) = z2(t) * h(t)



Fourier Transform and LTI Systems

x(t) —> h(t) —> y(t)

1

H(jw) = = 5jw

X1 (jw) = e find  yy(t) = 21 (t) * h(t)

oy 1 ,
Xo(jw) = 5w find
y(t) = h(t) xz(t), Y(jw) = H(jw)X(jw),
Method 2:
Find Y} (jw)&Y2(jw) first and then take IFT of them to find y; (¢) & ya(t).
‘ . w1 |
Yl(]w) :Xl(]w)H(.]w) =e€ g4 m ﬂ)é(t—‘l)*h(t) = SP (t 4)’1L(t—4) 1 1
Ya(jw) = —2 °
N 1 14+jw 24 jw
Va(jw) = Xa(jw)H(jw) = 52— X 3=
Use Partial Fraction Expansion and fine a and b to rewrite Y (2(jw) as IFT
. a b
e A
— (9 p _ 1 1 _—t 1 -2
0= 2+ j)Ya(jo) jms = — 1 Yo(t) = ze"u(t) — ze

b= (1+ jw)Ya(jw)ljum—1 = £

Ya(t) = wa(t) *

h(t)



Useful properties:

Fourier Transform and LTIDE Systems X (ju0) 1Ty (1 to)

jwX (jw) T 2 (¢)

Find h(t) for the following system:

y'(8) + ay'(t) + by(t) = ca’(t) + du(2)

(jw) X (jw) 5 2 (t)

ITDE =~ h(¢)
oo [Fen@ |
New approach: H(jw) IFT

FT (y"(t) + ay'(t) + by(t)
(jw)?Y (jw) + a(jw)Y (jw) 4 bY (jw

) = FT (cx'(t) + dx(t))

)
Y (jw) ((jw)? + a(jw) + b)

)

c(jw) X (jw) + dX (jw)

I

= X (jw) (c(jw) + d)
B c(jw) +d
Yijw) = X(jw) (jw)? + a(jw) + b
L Y(w)  cjw)+d IFT
T = (o) ~ G taGey +6 —> MO

h(t) is response to x(t) = §(t) or equivalently is found by setting X (jw) = 1.



Fourier Transform and LTIDE Systems

Example: Find h(t) for the following causal system by first finding H (jw)

Y (t) + 4y’ (1) + 4y(t) = 22'(t) + 22(t)



Fourier Transform and LTIDE Systems

Example: Find h(t) for the following causal system by first finding H (jw)

y" (t) + 4y’ (t) + 4y(t) = 22/ (t) + 22(2)

Solution:

((jw)? + 4jw +4) Y (jw) = 2(jw + 1) X (jw)
L 2(jw + 1) ,
Yijw) = (jw)? + 4jw + {X(]w)
H (jow)
2(jw + 1)
(jw)? +4jw + 4

H(juw) =

Two methods can be followed to find h(t)



Fourier Transform and LTIDE Systems

Method 1: Use Partial fractional expansion (PFE)

H(jw) = ot

H( | ) y . B _ (jw)2+4jw—{—4
w) =
J jwt2 " (jw+2)?
B = H(jw)(jw+2)?|,,__, =2(w+1)|,,__,=—2
a- L (H(jw)(jw +2)%) | = i2(]w+1) =2
djw jw==2 " djw
, p —9
H(jw) = . 2
jw+2  (Jw+2)
2
: TET 26_2tu(t)
jw+2
—2 IFT —ot
> 2te” “"u(t
(Jw + 2)? (t)
1
Reminder: , 5 TET, te” " u(t)
(jw+a)

h(t) = (272 — 2te 2" )u(t)



Fourier Transform and LTIDE Systems

Sy 20w
H(]w) = (jw)2]+4jw—|—4

Method 2:

H(jw) 24 2jw 2 2jw

w) = = -

T et 22 ~ Gor2)? | (o +2)2
2 IFT,

(jw + 2)2

2te2tu(t)

. 2 IFT d _ _ _
Jw. Go 1 2)? S (2te™u(t)) = 2e > u(t) — 4te > u(t)

h(t) = 2te”*u(t) + 2% u(t) — 4te™*u(t)
= 2e%tu(t) — 2te*u(t)



Fourier Transform and LTIDE Systems

Example: Find the impulse response of the following causal system and
also its output to z(t) = e %*u(t) by using FT and H (jw).

dy _ 8x(t) + 2d_a:

3y(t _
y(t) + & dt



Fourier Transform and LTIDE Systems

Example: Find the impulse response of the following causal system and
also its output to z(t) = e %%u(t) by using FT and H (jw).

dy dx
3y(t) + L = 8a(t) + 25
Reminder: In this example M = N and we have byd(t) term in h(t)
, 8+ 25w 2 , 8+ 25w 1 a b
H(jw)= - =2+ — Y(jw)= o ==ty D
3+ jw 3+ jw 3+jw  b6+4+jJjw 3+ jw 64+ Jw
= —3t 2 4
h(t) = 20(t) + 2e™ > u(t) y(t) = ge_?’tu(t) X §G—6tu(t)

Note: In using partial fraction expansion order of jw in the numerator has to
be less than the order of jw in the denominatior.

This method can be used for cases where M (order of highest derivate of input)
is even greater than N (system order that is the order of highest derivative of
output).



Using FT Properties

Consider the following signal
/N

x(t)

—1 L —> X(w)

Write the FT of the following signals as a function of X (jw). ( Note this is

not asking for finding the FT of the signals directly). Your answr must be only
function of X (jw).

x1(t) T x3(t)
2 4 ot —'I | i ot
X (t) x4 () i
rad
t — | t
0 1 1 1

@oee Soosan Beheshti, Ryerson University



Using FT Properties

Consider the following signal

/N x(t)
-1 1
x, (t)
t
4
x5 (t)
>t
0 1

—> X(w)

r1(t) = z(t — 3) — X 1(jw) = e VX (jw)

xo(t) = x(2t — 1)

z(t)=z2(t—1) — Z(jw) = e 7 X (jw)

x2(t) = 2(2t) — Xo(jw)

1
2

2(5) = Je X (%)

@oee Soosan Beheshti, Ryerson University



Using FT Properties

Consider the following signal

T x(t)
- — —> X(jw)
TxS(t)
_I | i ¢ x3(t) = %x(t) — X3(jw) = jwX (jw)
x4(t) 1 ¢ 1
_ //1} t va(t) = /_ ()t — Xa(j) = X (jw)

@oee Soosan Beheshti, Ryerson University



Using F'T" Properties l;_l
FT
B BN _— . wy — sin( %)
Find Fourier Transform of z(t): z(t) _l 1 t sine(3) g
N
Method 1: Use the integral B ‘ 1 ot
X(jw) = f_ll e Ity (t)dt = f_ol(t + 1)e I«tdt + fol(—t + 1)e 7«tdt,
Method 2: Use FT properties Table:
t (t)
1 v(®) 1 v(®) 1 FT(z(t)) = FT(v(t) xv(t)) = V(jw) x V(w) = sinc(g) X sinc(;) = SZ'TLCQ(;)
R T -1 1 ‘
2 2 2 2
Or: Using Linearity and shift properties and then Euler’s formula:
' 2(t) = fa(t) Ft(z(t)) = Ft(v(t + 5)) — Ft(v(t — %)) = ej“sinc(g) - e*j“’sinc(g) = (ed¥ — e—j“’)sinc(%) =2j sin(g)sinc(%j)
1/
Using derivative property
-1 1 !
Ft(z(t)) = J%FT(z(f) = ]iw X 27 sin(%)sinc(g) = %Sin(%)sinc(g) = sian(g)
Soosan Beheshti, Ryerson University




srect(t)

1
[ ] il »
[ B S B — sin %
1 t ¥
2

Using FT Properties

: : . - a(t) sine(y) =
Find Fourier Transform of z(t) by using its second derivatives: _ 1 2
A E
- t
-1 1
2(t) = f=(t)
1
-1 1 t Ft(y(t)) = &/ — 2+ 79 = 2 cos(jw) — 2
- Fa(t) = — Fi(=(1) = — x —= Fi(y(t)) = —— Fi(y(t
(fv())—j—w (2 D=7 %% (1)) = ——5 Ft(y(t))
2l-cos(w) _dsin(3) _ ,w
. = — =y =sinc (2)
y(t) = Fet)
1
rt
-1 1
v -2

@0 e e Soosan Beheshti, Ryerson University



Using FT Properties

Example: Find the FT of the following signal:

L x(®)

Method 1: Use the difficult integral X (jw) = f15 e Iwty(t)dt.

Method 2: Use F'T properties Table




Using FT Properties

- x(t)
x1(t) x, (1) 2
1 1 T
| /\ 1 / N
1 t | t — t
3 5 o0 1 2 3 4 5 . . 3 4 s
. LA = ot + () z(t) = z1(t) + 22(t)
rect(z)
1
ot
-1 1
t
—2 2 v(t)
1 FT(25(t)) = FT(2(t — 3)) = e~ ¥“ FT(2(1))
FT(z1(t)) = FT(rect(t ; 3)) |_L . FT(z(t)) = FT(v(t) xv(t)) = V(jw) x V(jw) = sian(%)
_ efgijT(rect(%)) _% l FT(xo(t)) = e‘%tﬂsiﬂﬁ(%)
2

. 4
= e“33w4smc(—w) 4
FT(x(t)) = FT(z1(t) + za(t)) = e—iﬁfwsmc(?‘”) + e—3ﬂ'wsmc2(§)

@ 0 e e Soosan Beheshti, Ryerson University



Using FT Properties 1

Or use derivative of x(t) to find its FT: 2

" alternatively we can first work on shifted version
vof z(t) that is symmetric. Compare the steps:

y(t) = 2(t+3)

z(t):6(t—1)+v(t—g)—v(t—g)—d(t—f))

FT(2(t)) = e 9% 4 e~ 39 FT(v(t)) — e~ 29 Ft(v(t)) — e—f'fw:; y(t) =0(t+2) + ot + %) —o(t - %) —6(t—2)

= IY — eI 4TI (2IW — 7 3%) Fi(u(t)) FT(y(t)) = ¥ 4 e 3/ FT(v(t)) — e~ 29¥ Ft(v(t)) — e~

— e—ij(ejQw

_ e—j2w)+ 2jw

= %% _ 29 4 (399 — ¢ 3I9) Fi(u(t))

= 2je7 3% gin(2w) + 2je 3% sin(g)FT(’U(t)) = 2jsin(2w) + Sin(%)FT(’U(t))

B oW, W
= 2je J3 (SIH(Q(A)) —‘rSln(E)SZnC(E)) =2j sjn(2w) —|—sjn(§)5inc(%)

FT(2(t) = — FT(=(t)

- FI(x(0) = € P FT(y(0)

; 4 1
= e_J3w(% sin(2w) + & sin(%)smc(%))
2

= e 3% (4sinc(2w) + sian(g))

FT .
*1*77> t T sine() = sméi)
2
x(t)
2
L N
t
0 1 2 3 4 5
z(t) = %x(t)
2

@0 e e Soosan Beheshti, Ryerson University



Reminder: Fourier Transform Properties (Frequency Shift) D]
Fourier Transform of causal part of real part of an exponential signal (o > 0): / \
z(t) = e~ cos(wot )u(t) @
a(t) = etult)  FT(1(t)) = X1 (jw) = jw1+ -
|X2(Gw)|
w(t) = ‘
FT((t)) = (X1 — wo) + X1 (i + wn)) wo w
1 1 1 1 1 1 (i
) j(w—wo)+a+j(w+wo)+o 2<jw+0—jwo+jw+a+jwo) |X3Gw)|
:ljw—ka—jwo—l—jw—ko—l—jwo: jw+o /\
2 (jw +0)2 = (jwo)? (jw+0)? +wj —
Wo w
() = etu(t) IXGw)
x(t) —w:o a;o )

@ 0 @ e Soosan Beheshti, Ryerson University



Using Fourier Transform Properties 1%, ()|

Fourier Transform of causal part of an exponential signal ¢ > 0: /\

_ ,—st — ,—(o+jwo)t . _ 1
z(t) = e tu(t) = e~ (@Hiwolty(t) X (jw) = P w
1 . .
FT (e cos(wot)u(t)) = §(FT(e<—“+wo>tu(t) + FT(el=o77%0)ty (1)) X, )|
2w
1 1 1 ‘
=z - — + - -
20c—jwy+jw o+ jwy+ jw
_ljwto+jw +jw+o—jwo jw+o Wo w
2 (jw+0)? = (jwo)? (jw +0)* +wj
1 . . ,
FT(e 7" sin(wot)u(t)) = % (FT (e =oHiwo)ty () — FT(e{=7=7%0)ty(¢)) . 1X3(w)]
o L /\
C 20— jwot+jw o+ jwo + jw f
—Wy w
_ijw—i—a—i—jwo—jw—a—l—jwo_ wo
2j (jw + )2 — (jwo)? (jw + )2 + w? IX(Gw)|

o elu(t)

7t cos(wot)u(t) _‘0:0 a;o w

€77 Cos
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Modulation

Modulated version of x(t)

x(t) > x(t)cos(wgt)

cos(wgt)

1 .
21 ()32 (1) 25 5= X1 () * Xa(je)
x(t)

cos(wyt)
2

x(t)cos(wyt)
2
1
1 4/\ /7 1

o X(jw) * (mé(w — wg) + mé(w — wy))

2N v U

—By ‘ By w —wq ‘ Wy w —wy — By —wy + By wo — By wy +By @
A
2
If Wo < BO
Aliasing w0y~ By | —wo + Bo o
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MOdUIatlon x,(t) \® FT (x;(t) cos(wqt) + x,(t)cos(w,t))

Two signals over the same channel cos(w;t)
1
JaR) S
xZ (t) >® —w3 —wq ‘ w1 > w
cos(wyt)
4 .
] x1(t) X, (jo)
T p FT(cos(w1t))
N " n
7 ~ A
749’4 77777 L Y L T T
-4 2 4 C 2 4 6 8 —-B,; B, w —w
2 1 w4 w
-3 4
4
4 .
x2(t)
1 N X(jw
A \/ 0 FT(cos(@, )
2 |
\v‘( \ Y /N -
/—'7740;, 777777777 L B L T T
-4 2 /¢ 2 4 6 8
2 - _BZ BZ w —wW3 | Wy w
3
-4 What are the conditions so that shapes of X;(jw) & Xa(jw) are preserved?
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Demodulation

At the receiver multiply the signal to the same cos(wqt)

P2
y(t) = x(t)cos(wyt) > 1r(t) = x(t)cos(wyt)cos(wyt) R(jw)
Modulated 2 ‘ngwpgrs’sﬂﬁl]ter
cos(wgt) = A

2,

4
T /I\ T —Wc _BO BO We < 2(1)9 . w

By By
—wg ‘ Wy )

r(t) = x(t) cos?(wot) = x(t)(%@woﬂ) = 2a(t) + 4 cos(2wot)z(t)

rr 1 ) .
$1(t)x2(t) — %Xl(Jw) *X2(JW) R(jCU) — %X(]w) + %(X(]w — 2&)0) —+ X(jw —+ QWO))
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Lowpass Filter and signal recovery

y(t) = z(t) = h(?) Y(jw) = X(jw)H (jw)
H(]'a))r _______ "/L___\f_“;__,l i\ Y(jw) =X(w)
A N | N
o @ @ y() = x(2) v
H(jw)----- - { S A 1 Y(jw) # X(jw)
S
o @o @ y(t) # x(£) ©
HGw)_ . ____ 1 A0w) Y(jw)=X(w)
—wyq % ? wy W _T‘UO | % ®
x(t) = cos(70 t) y(t) =x(t) = cos(% t)



Demodulation

_ Wy Wo
x(t) = cos(T t) + cos(2wyp) y(t) = cos(T t)
H(jw) V(e
- A m m m
—2wy “Wo “%o Yo w 20, W —Wo ‘ 0 w
2 2 2 2
H(jw) / T
| ‘
_(l)o a)o w —(l)o | (;)0 w
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Modulation and Demodulation

Next pass the received signal through a low pass filter!

H(jw)
Modulated version of x(t) )
x(t) > x(t)cos(wgt) N i """"" | —> x(t)
—Ia)c | W, )
cos(wqt) /\ /\ cos(wyt)
X(jo) o ” . 2 A R
A 4 oz | 4
I~ N A~
—B, By w B@—Zwo% W, —B, By, @ B@Z%f} W

o B 0 o

we, denoted as the cut off freq of the lowpass filter has to be such that the
original signal is fully recovered. By < we, w. < 2wy — By

Low-pass filter x(t) —> h(t) —> y(t)

wC .
h(t) = Z?San(wct)

The Amplitude Modulated (AM radio) carrier frequency wy is in the frequency
2 range 535-1605 kHz. Each carrier frequency is assigned at 10 kHz intervals.
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Sampling x(t)

: Sampling at :
Anal t :
nalog input x(t) —> every T unit —> x[n] Discrete output
x(t) > > x(t) = x(t)ér(t) z(t) = x(t) x 0r(t)
= z(t) z:&t—nT)
. or(t) e 1 | — 3 a(t)s(t - )
Impulse train 2(t)or(t) — 5-X(jw) * Ar(jw)
T T T T 1‘ 1‘ g =Zx(nT) (t —nT)
-T 0 T 2T 3T t
_ 1
X(jw) L ArGo) =X (@) * A7)

2T

%

PIRLY, g/\/T\/\

2n 0‘ 2w 4w 61

T T 2T 3T
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Sampling

Analog input  x(t) —>

Sampling at
every T unit

—> x[n] Discrete output

x(t) >(% > x%(t) = x(t)67(t)

6r(t)
Impulse train

(A O

2(090(t) T =X (o) Ay )

Sampling Theorem: Only if the sampling is fast enough (2% > 2By), the original
signal x(t) can be recovered from the sampled Z(t) through a lowpass filter.

—T 0 T 2T 3T t
X(jw) zln A Geo) ixow) « Ap(jo)
A 1
2N SEITE I ;/T\e/\
_B, ‘ B o W o 0‘ 21 4w 6m

T T 2T 3T
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